An experimentalist’s attempt to
understand why g=2 for an electron -
or where does the electron’s spin come
from?

“A great deal more was hidden in the Dirac equation than the author had
expected when he wrote it down in 1928. Dirac himself remarked in one of
his talks that his equation was more intelligent than its author. It should
be added, however, that it was Dirac who found most of the additional
insights.” Weisskopf on Dirac

The Dirac equation
At the start of the quantum world, it was not obvious how quantum mechanics con be reconciled
with special relativity.

Initial ideas were based upon quantising the relativistic energy equation. (E,p) being an invariant
four-vector

E® - p°c® =m*c* (1.1)
With the following standard substitutions
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giving what is now known as the Klein-Gordon Equation
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or (0*+m’)¥ =0



The problem is that the Hamiltonian formed by (1.2) is

ox?

62
m’c* —c*h —¥
which is not linear in special relativity co-ordinates.

Dirac (1928) postulated an equation which is a sort of square root of (1.1) — as much from a sense of
beauty than anything else —i.e. that

[po —[a.p+ﬂ.m]]‘P:O (1.3)

Remembering that EY = HW, the Hamiltonian is @.p+ .M where a and B are 4 by 4 Hermitian

matrices. (Note that we have moved to putting t =C =1). The equation is linear in both
momentum and energy, so position and time are on the same footing, the requirement of special
relativity.

Dirac’s equation® can be expressed in a compact form as

(iy'o,—m)¥ =0 (1.4)

0
where 8u = 6_ and U covers the range 0,1,2, 3 and y* are the Dirac matrices, give by
X

u

y°=pB.7" = Boand
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[Multiply (1.3) through by 3, remembering that 8° =1 or 1].

As a check on the form of the Dirac equation, we act on (1.4) with (iy"0, +m) to give

—(»"%"6,0, + m?)¥ =0. Dirac’s noticed that, as derivatives commute, this is the same as

1
(E{}/” , 7/"} 0,0, +M*)¥ and that {yu : 7/"} = 21" (n" being the "Minkowski tensor" — which sets

out the metric of flat spacetime) his equation can be converted back to the Klein-Gordon equation,
viz (6% + m*)¥ = 0. This requires that (°) =1,(7') = =1 and that »'y" = —»"»". This anti-

commutation requirement remove the possibility the gamma could be ordinary numbers.

' Feynman compacted Dirac’s equation further by adding a bar to the partial derivative sign, @, to

denote multiplication by iy* . Thus the equation became just (&, —m)¥ =0



The Dirac equation for an electron in a magnetic field
We start with the basic Dirac equation

(iy'o,—m¥Y =0

and add an electromagnetic field requires us to move to a covariant derivative thus
0, > D, =0, —IieA,

giving (iy'D, —m)¥ =0

Acting on this with (iy"D, +m) we have, given that the cross terms cancel,

(7'7'D,D, +m*)¥ =0 but noting that the gamma matrices’ commutators sum as follows

7y =%{y”,7/"}+%[y“,7/"] and that

k
) o 0
{7’” : 7"} =2n" as well as that [7” , ;/"] — 2i™ where o'l = gik| @ k
0 o

(" is the Minkowski metric with signature (+,-,-,-))
Thus 1{}/” ,7'}D,D, = E(277“VDu D,) =D,D"
2 2

So we are left with, for the Dirac equation in an electromagnetic field,

_i GUV

(D,D" + [D,,D,]+m*)¥ =0

First turning our attention to the [Du, Dv]term: Expanding, we have
= (au _ieAj)(av _ieA/)_(av _ieA/)(au _ieAJ)
= (0,0, ~€*A A, —ieAD, —ied,A) ~ (0,0, ~€*A A, —ieAd, —ied,A,)

But we have missed something: The operators are actually acting on the wavefunction 'V, so the
0,A and 0, A, terms need to be expanded to (0,A,)+ A0, and (0,A,)+ A0, respectively, where

the () indicates that 0, only acts on A, . This gives

(auav - ezAJ A/ - ieAJav - Ie((au A/) + A/au )) - (avau - ezA/AJ - ieA/au - Ie((avAJ ) + AJaV))

Noting that derivatives commute, we are left with



=(-1e(6,A)) — (-1e(6,A,)) or =—ie(0,A —0,A,) =—ieF, where F,, is the electromagnetic

u

tensor. So we now have

uv

(D,D" +_'; (-ie)F,, + m?)¥ =0 or
(0,0" -2 F +m?)w =0 (1.5)

The orbital angular momentum term
Now looking at the first term D, D" and putting the system in a weak B, field” in the third (say z) axis

[see note[1] below on this approximation. Then Aj =0, A = —% B,X*, A, = % B,x', A, =0

Noting that
D,D" = (D) =(8,)* —ie(6,A — Ad;) +0(A)’

As the magnetic field is weak, we can ignore the (A‘)2 term and again we must think of all of these
operators as actingon ¥ . Thus ;A =0,AY = Ao, +WY0,A = A0, +(0,A\) where again the ()
indicates that 0, only acts on A . But in this case 0,A =0 (by substitution into our weak field
above) so (6,A —Ad,)=2A0, . 50(D,)* = (8,)* —2ieAd, +0(A)? or

(D = (@) ~2ieB, 5 (40, - X'0,) + O(A)’

giving us (D,)* = (0,)” — 2ieB,.X x p+0(A)>. We recall, of course, that Xx p = L so
(D))? =(3,)* —ieB,.L+0(A).

Here we see the classical orbital angular momentum term interacting with the B-field.

2 Checking the F,, component of the electromagnetic tensor, we have
R, =0,A, -0,A

1 1
F12 = 81(5 Boxl) _82 (_E Boxz) ’

we have F, = % B, —(—% B,) = B, as required.



The Classical Hamiltonian term

Recalling that the four component wavefunction can be dissolved into two components, so that

Y= ( j and noting that ¢ >> ¥ in the non-relativistic limit (i.e. a slow electron): Why? Consider
Ve

moving into a frame where the electron is stationary. Then we have (m}/O —m)¥ =0 after setting

p" =(m,0). But
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And compacting we have

(g _glj(ij:OSO ¥ =0and ¢ can exist.

Writing ¢ =€ ™% we look at the (02 —m?) term in our equation.

Letting @ act on it, we have

a —imt H a —imt
—(E"""Y)=(-Im+—)e ¥
a( )=( a)

t t

And applying this again
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Dropping terms in (5} as being small and adding back the spatial derivatives we have for our
t

02 —m?) term, —m2_2im§_v2+mz o-imtp
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The electron Spin term

Returning to the full equation, we look at the middle term
—e
—o"F,

2 \



and remembering that the system is in a weak B field in the third axis and that

1 1 e wfof 0O
A):0,A_L=—§BOX2,AZ=—§BOX1,A3=OwecomputeE&‘Jk(o O_kjFij

e
Trying component 123 and 213 we have (watching the factors of two) Eo's(l:12 -F,)

o — o
But F, =—F,; = B, and noting thatE =S, the middle term becomes 2eB.S . Here’s the famous

g=2 factor. So we are left with (—2im Gﬁ -VZ- eBo.(I: +2S))¥ =0 or - restoring the ft ’s
t

(Horﬁmzivz Lo B,.(L+2S))¥ =0 (1.6)
o, 2m 2m



[1]Errors from ignoring the Vector potential squared term

It is worth checking what approximation is involved in ignoring the term in O(eA)2 . The move to the
use of the covariant derivative 0, — D, =0, —i€A, ignores the presence of anft termas p=+H0,

and €A, both have units of momentum (being energy/velocity). Thus we should be substituting

— (S
p=+(0, —%) . This is not obvious because we have put c=+H =1

=2
We want to form Hamiltonian energy terms viz Zp_ (via E mV2, classically). Multiplying out, we
m
eA,

have a term hzau ? which becomes the spin Hamiltonian we want, viz =

. Thus our ignored

2m
2 2
term must be small compared with this, or
2m
ehB e?A 2
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Or hB, >>eA’. Now (and this is where the Physics comes in), we put A, ~ XB, where x is some

distance in the system. So we need to show that

2
15> ex B,
+

-191 A1
Putting B, =10T, =106 =10""°, then 11WXZ <<lso x* <<107°,x<10°M

The question is what is x. It could be the size of the structure which contains the electron —i.e. the
2

container (not OK). It could be the classical electron radius, >, which is 3.10™M (OK) or
27, m,.C

it could be the scale distance in which the wave function decays.



g-2

Now we move to look at the correction to g —the “g -2” factor that heralded in the world of
Quantum Field Theory — specifically Quantum Electrodynamics

IH

This is taken from A.Zee’s “Quantum Field Theory in a nutshell” section Ill 6.

In what follows the “Gordon decomposition” is used to break up U(p")y“u(p) into a standard

current part and a magnetic moment part.

The tree level term — discovered by Dirac — has a *term. When more y*terms are found in loop

diagrams (and we are only looking at one loop diagram here — this is appropriate given that the Fine
Structure Constant ,which determines the correction, is small and is raised to powers in more
complex loops) then they all add (TBC) to both the current and magnetic terms. Thus they have the
effect of changing the value of the charge — the coupling constant between the Dirac Electron Spinor

field and the Electromagnetic field Aﬂ . Thus the g=2 value is not changed — that value is embedded

into T(p")y“u(p) and remains as 2.

Of course experimentalists measure the actual value of ‘e’ which contains all of the loop terms and
one can’t access the naked value of “e” —ie the value in the electron vertex.

As 7" =(p+ p')" + magnetic moment terms, when we find (p+ p’)” terms in a loop diagram they
equate to “anomalous magnetic moment” terms plus the (unobservable ) “ i.e. electron charge

term. We search for these (p+ p’)” terms to get the anomalous magnetic moment terms.

The loop term
Zee start by looking at two Feynman diagrams together

/
o a



This is the basic interaction terms with vertex +ie€y” and there are no internal propagators — so all

lines (electron and photon) are real — they are ‘on-mass-shell’. The additional Feynman diagram
looks like.

—— 'f’ .

L

(Zee states that other loop diagrams at this order only contain y*terms). The second of these

Feynman diagrams is more complex. There are three spin % vertices of the form
+iey”

v

a photon propagator |

p+m

p—m

and two spin ¥ propagators | --——

in and out of the main vertex.

Multiplying up and integrating over the appropriate four-momentum k, we have

po 0 Al PR
@n) K& p’+J( m” peK-m’"



What part of the Integral?
Now we need to know what part of this integral are we interested in:

Consider the Dirac electron current U(p")7“u(p) which equals (via the Gordon decomposition)

2m 2m

. , r+ u ) uv " _

a(p ){(p P .o (p p)}u(p)

The form of the overall current® needs to be [See Zee II1.6. equation 7] and putting q= p’— p
Hv

(p,s"[3(0)| p,s) =U(p’){7"F1(q2)+iZ—mq“Fz(qz)}U(p)

[Invoking Lorentz invariance and current conservation]

And applying Gordon’s decomposition to this we have — for the leading term in momentum transfer

(i.e. q2 =0)

GH

P '+ .ot _
a(p',s)| LR (0)+1 g, (F,+F,(0) [a(p.9)
2m 2m
F,(0) is the electric charge — by definition 1: We can’t get access to the naked charge. So we note

that Dirac’s magnetic moment has shifted by [1+ F, (0)]

Reforming the Integral

(p'+p)"

Returning to the Integral. We are now only interested in terms of the form >
m

Multiplying through by ( p’ +K)—mand (o + K) —mwe have for the [] term

{V (F+K)-m , (p+K)-m }
et -mt T (g kT -m

But — see A&H7p7 - pz (and therefore /[Zz + K?) are actually p2 . So we come to

e gl Un o,
(27)" k (p'+k) —m (p+k)*—m

3 My assumption here is that this is not a Dirac electron current, but an actual “real-world current” — with only
these allowable parameters.



Zee reduces this to

1 1 1
D | (p'+k)*—m? (p+k)?—m?

The Denominator calculation
Feynman has discovered that

1 tif_ dadpds ~
xyz_-([-(.)‘-([(ax+,8y+§z)35(a+ﬂ+5 b

(which is why he was a genius) The second delta symbol here is a Dirac function, and enforces

0 = a+ -1 when the third integral is performed giving

11
:.”( ( da)'d’;( 5E over the triangle bounded by 0<a <land 0< /<1
o (z+a(x—z)+ B(y-1

In this case, putting k> =z, (p'+Kk)*—m* = Xxand (p+k)*’—m* >y
We have

kK? +a((p'+k)> —m? —k?*)+ B((p +k)* —m® —k?)

And expanding out

K? +a(p? +k>—m?* —k? +2p’k) + B(p* +k* —m* —k? + 2pk)

Of course p® = p* P, whichiis E2- ﬁz and the rest mass. As p is ‘on-mass-shell’, we then have

p2 = mz' so we are left with
k? +2ap’k +28pk

Changing variable by putting K — L—(ap’+ p) we get
L* +(ap'+Bp)* —2L(ap'+ Bp)* +2L(ap’+ Bp)’ ~2(ap'+ Sp)°

and the middle two terms cancel to L —(ap’+ 3 p)°

Expanding this out and noting that the photon q, the photon four momentum is the difference
between the incoming and outgoing electron momenta (i.e. = p'— p), we have



L’ —(a(p+a)+ Bp)°

Now some more multiplying out

> —a?(p+0)* +B°p° +2aB(p+q)p

And further to

L* —(a*(p+09)* + 5°p* + 2a3p* + 203 pq)
But again p>=m’

L* —(a*(p+0)* + °p* + 208 p* + 203 pq)
L —(a+ B)*m’ +[aq+apq+2apq]

What is in the square bracket is of order (q2) , and we will in future ignore

The Numerator calculation

Moving to the numerator N* , we move to replace k with L, so
YK+ P+mpy K+ P +m]y,

where P'* =(1—-a)p'* - Bp* and P*=Q1-B)p" —ap™”

Now we multiply out in powers of the mass, m
Yyt K+ Py, +

YK +P Ty my, +

y my“my, +

v E+P KPP,

Now we look at these in turn:

y'my“ Xy, & y'Ky“my, terms are zero by symmetry over the integral
As ¥y, is 4, y'my“my, is justa y*term —which we ignore. Finally the

}/UZ;/”P}/V and the yV,P{';/“Pyv terms are also single ¥ terms and integrate



to zero: negative side of the integral cancels positive.

So we are left with

Yy Py, +y Py,

which reduces to

mG " Pyr, +7' v Pr,)

plus 7' [ K+ P [ K+ Py,

Here again we remove terms linear in JZ which integrate to zero. So we are left with
v Py Py, and ¥ Ky* Xy, , giving a total of 4 terms:

m@ Py, +7 v Py,) plus y" Py Py, and y* Ky* Ky,

“ n

The mass terms “m”, can be reformulated thus —recalling that »"y, =4l

and also that yvajzfyy =4ab. So they become

=4m(l-a)p” - pp" +(1-p)p" —ap”)

=4m((A-2a) p™ +(1-2p)p")

As this equation is symmetric with respect to & <> 3 this becomes
=4m(l—a—p)(p" +p*)

We now turn to the quadratic terms. Firstly " ¥ y“ Ky, . Note that yvmdzyv =204 .
Sowe have Xy“ ¥ =y L7y"y L°

These two L terms, L°L", can be written as

1
Z g‘”L2 and under the Integral J L%is just a number. So we are left with a * term which is

d4
(27)"
removed.

7' P'y* Py, whichisjust =2 y* ' . (Note change of order as y* 2ldey, = —2gffa )
Which further reduces —2[(1- ) p —a p'ly“[1-a) B’ - B p]

Looking at the T(P")a pu(p) term we get oM as — from Dirac —

(p—m)u(p)=0and T(p")(p'—m)=0s0 we reduced to



—2[A-p) p —am]y“[A-a) p' - pm]
Again the m? term gives a +y* term which we can ignore and we have for the ‘m’ term
=2[(A-p) ply“[-2m]-2—am]y“[Q-a) p]

Now we note that »“y"p/ =29*“"p] —y"y*p| (noting that the RHS term P has no Feynman

slash). Expanding this, we have =2p™ + p'y*

But, again U(p’) p’ =U(p’)M via the Dirac equation again. So we have a y* term which we can

ignore.

The py* term convertsto y"p,y”*
=29""p, —7r"py"
=2p" -y" p.

Pulling out ( @ —m)u(p) = 0 yet again, we have yet another y* term, which is thrown away.

Collecting up terms, we have

+2m[(1-p)2p+a(l-a)2p]

Finally for the m®term we have

—2Q-p) pr 1-a)

-2[1-p/)(1-«a) %][)Z(y”/p” + py* Pl (here we have divided and multiplied by 2)

We need Dirac again to generate an ‘m’ term. Recalling (p —m)u(p) =0,U(p")( p'—m)=0and
Yy, Pt =4p”

7Py =4p”

2~ A)A-a) ] p4p" +4p" B

And now Dirac gives us the “m” for the p

—2[(1- p)A-a)]2m(p’+ p)”

Collecting all of these numerator terms terms:



4mfl—a - p](p'+ p)*

2mla(1-a)+ - P)(p'+ p)*
2m[-2(1-a)A- A)12m(p’+ p)*

Taking a factor of 2m(p’+ p)“we have
[2-20-2B+a—a*+f—*—2+2a+2f]or
[a—a?® + B— % — 2a3] which can be factored as

(a+p)1-a-p)

The main Integral
Now after all of this algebra, we return to the main integral

=—ie2.|. dL4 J' dad,B

(27r)4 [LZ_(a+IB)2m2]2m(p'+ D)“(a+B)1—a— )

Now the dL* integral gives (rescaling by (o + 5)?)

(27)* [2-m? +i¢] 3272°m?

J- du’ 1 —

Putting this back in we get

_jerdedpoiem(y+ ) (o + p)U—ar= )
327 (o + B)°M°

__2 (P4 p) J’dadﬂ(a+ﬂ)(1—a—,6’)
2m 327%(a + B)’

Recalling that this Integral is over the triangle bounded by 0<a <1 and 0< <1

It come to E and we are left with

(p'+p)* - (p'+p)*  a (p'+p)
m Sz 2m 2 2m



a
So F,(0)= 2—, with «a being the Fine Structure constant, is the correcting factor to g. So g is not

T

a
two but 2(1+ 2—) ... As measurements indicated.
V4



